Let ¾ be an SO.n/-bundle over a simply connected manifold M with a spin structure Q ! M. The string class is an obstruction to lift the structure group LSpin.n/ of the loop group bundle L Q ! L M to the universal central extension of LSpin.n/ by the circle. We prove that the string class vanishes if and only if 1=2 the first Pontrjagin class of ¾ vanishes when M is a compact simply connected homogeneous space of rank one, a simply connected 4-dimensional manifold or a finite product space of those manifolds. This result is deduced by using the Eilenberg-Moore spectral sequence converging to the mod p cohomology of L M whose E 2 -term is the Hochschild homology of the mod p cohomology algebra of M. The key to the consideration is existence of a morphism of algebras, which is injective below degree 3, from an important graded commutative algebra into the Hochschild homology of a certain graded commutative algebra.
Introduction
Let X be a simply connected space and L X the space of continuous closed paths on X. If M is a simply connected manifold, then we regard L M as the space of smooth free loops on M. Throughout this paper, the map R S 1 Žev Ł : H Ł .X; Z/ ! H Ł 1 .L X; Z/ will be denoted by D X and called the D-map of X, where obstruction to lift the structure group of the LSpin.n/-bundle L Q ! L M to LSpin.n/, where T ! LSpin.n/ ! LSpin.n/ is the universal central extension of LSpin.n/ by the circle and n ½ 5. It is asserted in [8, Lemma 2.2] that the first Pontrjagin class p 1 .¾ / is two times the pullback of the generator Ã of H 4 .BSpin.n/; Z/ by the classifying map of a spin structure Q ! M for ¾ . Following [8] , we denote the pullback of Ã by 1 We can deduce from Theorem A that the complex Grassmann manifold has a good D-map.
In this paper, the following theorem will be proved. As a consequence we can obtain many manifolds whose D-maps are good. 
Then the D-map of X is good.
The classification of compact, simply connected, homogeneous space of rank one has been made by Oniscik [9] . In [7] , McCleary and Ziller have determined the mod p cohomology of the homogeneous spaces completely for any prime p. These results are also used to prove Theorem 1.2. Following [7, p. 767] , we now list such homogeneous spaces which are not diffeomorphic to spheres or projective spaces: [2] . If a Lie group G has n simple factors, then ³ 3 .G/ is isomorphic to a free abelian group of rank n, that is, ³ 3 .G/ D ý n Z. Therefore in the above cases we can regard j Ł : ³ 3 .H / ! ³ 3 .G/ as multiplication by an integer n or a pair of integers .n; m/ associated to the inclusion j : H ! G. The assertion of [9, Lemma 4] guarantees that the index of the subgroup H of G can be interpreted as the above integer or pair of integers determined by the inclusion j .
In order to prove Theorem 1.1, we need to consider the injectivity of the D- NOTATION. Let 3 be a graded algebra and S a subset of 3. Then the ideal of 3 generated by elements of S will be denoted by .S/ 3 . For any graded vector space
We denote the commutative algebra with the 2-simple system of generators fz j g jD1;:::;n by 1.z 1 ; : : : z n /. Let T be a subset of a vector space W over a field k. We denote the subspace of W generated by elements of T by kfT g. 
Notice that, for any simply connected space X, one can construct an algebra and a morphism of algebras satisfying the condition of Proposition 1.3 by using indecomposable elements x j and y i in H Ł .X; Z= p/. This paper is organized as follows. In section 2, Theorem 1.2 is proved by applying Theorem 1.1. Our main tool to prove Theorem 1.3 is the Eilenberg-Moore spectral sequence converging to H Ł .L X; Z= p/ whose E 2 -term is isomorphic to the bigraded Hochschild homology of H Ł .X; Z= p/. We will determine the indecomposable elements in H Ł .X; Z= p/ with degree below 3 and relations between the elements via the E 2 -term of the spectral sequence. To this end, Section 3 is devoted to studying the Hochschild homology below degree 3 of a commutative algebra. In section 4, Theorem 1. The authors are grateful to Professor Akira Kono for helpful conversations on the proof of Theorem 1.4.
Proof of Theorem 1.2
Let X and Y be simply connected spaces satisfying the condition (1.1). By the Universal Coefficient Theorem, we see that H 2 .X; Z/ and H 2 .Y ; Z/ are torsion free. Hence it follows from the Künneth Theorem that
As a consequence, the product space X ð Y also satisfies the condition (1.1). It is clear that if X and Y satisfy the condition (1.2) then X ð Y also satisfy the condition (1.2). Let M be a simply connected 4-dimensional manifold. Since H 4 .M; Z/ is isomorphic to Z, it follows that M satisfies the condition (1.1). Thus, in order to prove Theorem 1.2, it suffices to show that any compact, simply connected homogeneous space of rank one satisfies the conditions (1.1) and (1.2). (1), (3), (5), (6) and (8) .
We consider the case (9 (2), (4) and (7) 
The Hochschild homology below degree 3
The purpose of this section is to prepare the proof of Theorem 1.3. In order to consider the algebra structure of H Ł .L X; Z= p/, we use the Eilenberg-Moore spectral sequence converging to H Ł .L X; Z= p/ whose E 2 -term is isomorphic to the Hochschild homology of H Ł .X; Z= p/. Before we begin calculating this spectral sequence, we give an available complex to determine the algebra structure of the Hochschild homology of a certain commutative algebra. For details of the Hochschild homology of commutative differential graded algebras, see [1] . For the rest of this paper, a commutative algebra A will mean a positive graded commutative algebra over Z= p such that A 0 D Z= p and A 1 D 0. Let 3 be a commutative algebra 3.y 1 ; : : : ; y l / Z= p[x 1 ; : : : ; x n ]=.² 1 ; : : : ; ² m /, where ² i is decomposable for any i . We will suppose that 2 Ä deg
If ² 1 ; : : : ; ² m is a regular sequence, the Koszul-Tate complex (see [11] , [3, Proposition 1.1]) of 3 is a complex for computing the Hochschild homology H H Ł .3/. In the general case, we can also obtain a complex for computing H H Ł .3/ by extending the Koszul-Tate complex. 
In particular, we can choose the element 
Thus we see that a 1n .x 1 1 1 x 1 /CÐ Ð Ð Ca n 1 n .x n 1 1 1 x n 1 / D 0 and hence a in D 0 for any i < n. Inductively, we have a i j D 0 for any i and j . From this fact, we can conclude that each element of a basis fz 1 ; : : : ; z s g for H 2;4 .F / represents an element
where b k is nonzero for some k. The element z Þ and its representative element will be denoted by the same notation. We define the differential graded algebra . . Then u can be written as This completes the proof of Proposition 3.1.
This fact enables us to conclude that
in Z= p[x 1 ; : : : ; x n ]. Therefore, the required relations for ½ jk are obtained. Let ¼ be the multiplication of B.
Thus we have Lemma 3.2.
Applying Proposition 3.1, we can partially know the algebra structure of the Hochschild homology of the graded algebra 3. 
Kernel of the D-map D X; p
Let X be a simply-connected space. In order to study the structure of the kernel . To proceed with the proof, we need the following lemma:
